Modified scalar product for the eff'ective range approach: 
the molecular contribution 



Ludovic Pricoupenko 
Laboratoire de Physique Theorique de la Matiere Condensee, 
Universite Pierre et Mane Curie and CNRS, 4 place Jussieu, 75252 Pans, France. 

(Dated: October 25, 2011) 

The modified scalar product which permits to restore the self-adjoint character of the effective 
range approach is derived for one-channel contact models where a more general internal structure 
is included. In the case of the effective range approach, the modified scalar product is interpreted 
in the light of a generic two-channel model for a narrow Feshbach resonance as a way to take into 
account implicitly the molecular contribution of the closed channel. 

PACS numbers: 03.65.Nk,04.20.Cv 



The Wigner-Bethe-Peierls (WBP) zero-range model 
P, |3l is very fruitful for obtaining low energy properties 
in the context of s wave scattering resonances. In this 
regime, the scattering cross section is large with respect 
to its classical estimate irb^ obtained from the knowledge 
of the characteristic range (or potential radius) b of the 
pairwise interparticle potential. Consequently, for a s 
wave resonance the scattering length (denoted a) is large 
in absolute value with respect to the potential radius. 
The WBP model is only parameterized by the scattering 
length and thus provides a minimal description of sys- 
tems in this resonant regime. In ultracold atoms, the 
resonance may be reached thanks to the Feshbach mech- 
anism which involves a coherent coupling between dif- 
ferent scattering channels, and also to the Zeeman effect 
which permits to change the molecular energies in the 
closed channels with respect to the continuum threshold 
in the open channel 0. The resonance is then achieved 
by tuning an external magnetic field and this technique is 
usually called the magnetic Feshbach resonance. As a re- 
sult, the scattering length a may be tuned several orders 
of magnitude larger in absolute value than the typical 
potential radius of the pairwise interaction potential set 
by the van der Waals length 0, [H| : 



referred in what follows as the width radius [3, 0] : 
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In Eq. (IlJ, Cg is the London's constant and /i is the 
reduced mass of the two colliding atoms. In the vicinity of 
the resonance the scattering length can be parameterized 
as fi: 
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where Obg is the background scattering length and AB is 
the width of the resonance. Equation ^ is derived from 
a two-channel description of the resonance mechanism 
which permits also to describe quantitatively two-body 
scattering properties at low energies. As a result, two- 
channel models provide a characteristic length related 
to the width of the magnetic Feshbach resonance and 
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For broad resonances, the effective range is of the or- 
der of the van der Waals length and the WBP model is 
well adapted for the description of the interaction in this 
regime. However in the case of narrow resonances, the 
width radius has an anomalously large value with respect 
to i?vdw and the effective range re ~ —2R* is large and 
negative. In this last resonant regime, it is also possi- 
ble to model the interaction by using the effective range 
approach where the zero-range force is parameterized by 
the scattering length and the width radius JJ . More gen- 
erally, it is sometimes relevant to consider a one-channel 
zero-range model which reproduces the expression of the 
scattering phase-shift at low energy and thus somehow 
encapsulates the internal structure of the interaction ^ 
[Toj . Such generalized WBP model lead to what can be 
called a non standard quantum mechanics in the sense 
that the Hamiltonian of the system is not self-adjoint. 

In Ref. [ll| a modified scalar product was introduced in 
order to restore the self-adjoint character of the effective 
range approach. For a bound state, the modified scalar 
product possesses the interesting property of giving the 
same normalization constant as the one supported by the 
analyticity of the scattering amplitude 12]. In section |T] 
of this paper, the modified scalar product is generalized 
for a large class of zero-range models having an inter- 
nal structure. In section |lT] a generic two-channel model 
is introduced for describing narrow resonances. Finally 
in section Hill the expression of the modified scalar prod- 
uct introduced for the effective range approach is derived 
from the two-channel model. This permits to realize that 
the metrics associated to the effective range approach is 
a way to take implicitly into account the closed channel 
contribution in a zero-range one-channel model. 



2 



I. ZERO-RANGE POTENTIAL APPROACH 

A. Contact condition 

The WBP model can be introduced without loss of gen- 
erality by considering two spinless interacting particles of 
respective positions ri, r2 and reduced mass /Lt. In this 
model, the wave function \I'(ri, of this system verifies 
the free (i.e. non interacting) Schrodinger equation for 
all values of the relative coordinates r = ri — r2 excepted 
at the contact (r = 0). Moreover at a fixed position of 
the center of mass of the two particles, the interaction is 
replaced by an asymptotic condition on the wavefunction 
for vanishing relatives coordinates r — 0: 



*(ri,r2) = A^x [--- 

a r 
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where a is the s wave scattering length and is not 
a function of r. Equation Q is often called the contact 
condition of the WBP model. The regime of validity of 
the WBP model is limited to situations where the rela- 
tive energy of the two particles E^d {i.e. the energy of 
the two colliding particles in their center of mass frame) 
is much less in absolute value than ?i^/(/ir^), where Vc is 
the effective range of the actual finite-range interparti- 
cle potential. The condact condition in Eq. (j?]) has been 
generalized in various studies where the inverse scatter- 
ing length 1/a is substitued by a function —g{E) which 

»-2 7,2 

depends on the relative energy E = ^^7^, in such a way 
that the zero-range approach can support an arbitrary s 
wave scattering amplitude: 
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In Eq. ([SJ the function g{E) is defined from the scattering 
s wave phase shift 5s{k) by 



'j{E) ^ k col 5s{k). 



(6) 



However, this method which appears to be powerful for 
obtaining two-body properties in inhomogeneous situa- 
tions @, I3 J is not satisfactory for relative energies of the 
order of (or greater than) the van der Waals radius E^dw 
where higher partial waves have non negligible contribu- 
tions to the scattering process. 

In the vicinity of a narrow magnetic Feshbach res- 
onance, the width radius in Eq. ([3]) is large with re- 
spect to Rvdw and the low energy behavior of the 
scattering amplitude is consistently parameterized in 
the region of asymptotically small magnetic detunings 
\{B - Bo)/AB\ < 1 by using the expression 0, [13, Q: 
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In Refs. |15l - ll7| ■ it has been shown that it can be fruit- 
ful to relax the strict zero-range limit in intermediary 



calculations while keeping the structure of the WBP 
model [18j. In the subsequent lines, this technique 
is briefly introduced by considering the two-body sys- 
tem in the center of mass frame without any external 
field. In this approach, the actual interaction in the 
Schrodinger equation is replaced by a source term of van- 
ishing range. An eigenstate (energy E^s/) of the sta- 
tionnary Schrodinger equation satisfies: 
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where (r|(5e) converges toward the S distribution in the 
zero-range limit where e tends to zero. In Eq. ([5]), p is 
the momentum operator for the relative particle and the 
source amplitude A,^, is given by 
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A natural choice for {r\S^) is to consider a family of Gaus- 
sian functions parameterized by e: 
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These functions have a simple expression in the momen- 
tum representation: (k|(5e) — Xe(fc) where 



Xe{k)^exp{~khy4). 



(11) 



In Eq. the ket |k) is choosen with the usual con- 
vention of scattering theory: (r|k) = exp(ik • r). In this 
framework, a possible form of the generalized WBP con- 
tact condition can be written as fl6]: 



lim df 

e-fO 



[e(,5,|*,)] - -A^giE^) 



(12) 



The zero range generalized WBP model is exactly recov- 
ered by performing the limit where e tends to zero at 
the end of the calculation. In what follows, the index 
e is dropped when the zero-range limit is achieved. For 
instance: |^) — lim^^o |^e)- 



B. The modified scalar product 

Generalized WBP models where g{E) in Eq. ^ is not 
a constant, are not self-adjoint with respect to the usual 
scalar product. This problem has been solved for the ef- 
fective range approach in Ref. [Tl| by introducing a mod- 
ified scalar product. In what follows, the modified scalar 
product is derived for a general form of the function g{E). 
For this purpose, one considers two eigenstates denoted 
by and l^fe), where verifies Eqs. (|5Tn)) and 
verifies: 
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and also the contact condition analogous to Eq. (1121) . 
For e 7^ 0, the functions (r|4'e) and (r|^'c) are reg- 
ular at the contact r = 0. Thus the identity 
(<i>e|p^|5'e) = (^'ejp^l'&e)* holds and for two nondegener- 
ate states ^ E^), from Eqs. (|8ll3p one obtains the 
following expression for the usual scalar product: 



Ed, — E-i 



(14) 



The regular part of (^el^'e) in Eq. is deduced 

straightforwardly from the contact condition in Eq. ([12]) 
while its singular 1/e behavior in the zero-range limit 
(e — 0) follows from Eq. ([8]). Finally, in the zero-range 
limit (e 0) one obtains: 
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Using this last relation and its analog for the 
usual scalar product in Eq. (|14p can be written in the 
zero-range limit as: 



E^ - E^ 



(16) 



The modified scalar product denoted by ($|^I')o is such 
that two non degenerate states are mutually orthogonal. 
It is thus built by substracting the right hand side of 
Eq. (fTO)) to the usual scalar product (^IvI/). 

If a bound state exists its (negative) energy 

E^ — —h^q^/m is a pole of Eq. ([5]) where k = iq and 
q > 0. In the zero-range model, the wave function of 
this bound state is {r\(f>) — —A^exp{—qr)/r, i.e. it cor- 
responds to the asymptotic form for large interparticle 
distances (r — >■ oo) of an actual bound state. By impos- 
ing that the state is normalized to unity with respect to 
the modified scalar product [i.e. (0|0)o — 1], one obtains: 



(17) 



The result of Eq. (flT)) exactly coincides with the one de- 
rived by using the analyticity of the scattering ampli- 
tude pj. 

For the effective range approach, from Eqs. (|7I16I) the 
modified scalar product can be written as: 

($|4')o= [ d^r[l + R*S{r)]<i>*{r)^{r). (18) 



This last expression may be generalized if one assumes 
that the function g{E) admits an expansion in powers of 
E in the vicinity of zero energy: 
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which is true if one considers that the present zero-range 
approach models a pairwise short-range potential. For 



this purpose, one introduces the regular part of the fol- 
lowing limit valid for all non-zero positive integer n: 

Reg(k|(H!)"|*) = -MJl£xi^^l (20) 

fc— »cxD ^^J' ^J^ 

while this regularized limit is set to zero for n — 0. Us- 
ing this tool, the modified scalar product can be finally 
expressed as: 
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II. THE GENERIC TWO-CHANNEL MODEL 
FOR A NARROW RESONANCE 

The generic two-channel model used in this paper is 
similar to the ones introduced in Refs. |20l. [21| and is a 
simplified form of the models of Refs. [3, [22, l2J]. The 
simplest way to introduce the model is to use the sec- 
ond quantization in the momentum representation. In 
what follows only the case of a bosonic neutral spin- 
less particles is considered, nevertheless similar equations 
and same conclusions can be drawn about the modified 
scalar product if one considers fermions or heteronuclear 
systems. Bosons in the open channel have a mass de- 
noted by m and the threshold for the continuum states 
is fixed at zero energy. The operator Ok (respectively fek) 
creates an atomic (respectively a molecular) plane wave 
(r|k) = exp(ik • r). The creation and annihilation oper- 
ators obey the usual commutation rules: 

K, aU - (2^)3^(k - k') , [&k, bl] = (27r)3^(k - k'), 

(22) 

and the others possible commutators vanish. The Fesh- 
bach resonance mechanism is encapsulated by a coherent 
coupling between atomic pairs of the open channel and 
the molecular state. In what follows, the kinetic energy 
of an atomic plane wave of wave vector k is 



2m 



(23) 



The Hamiltonian of the generic two-channel model used 
in this paper is: 



H = 
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(24) 



In Eq. ([M)) , i?moi is the internal energy of the molecular 
state and the last term couples the two channels and thus 
models the Feshbach resonance mechanism. For simplic- 
ity the interchannel coupling is described by the generic 
function Xn of Eq. (jlip with an amplitude denoted by A. 
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III. INTERPRETATION OF THE MODIFIED 
SCALAR PRODUCT 



In this part, the modified scalar product in Eq. (|T8|) 
associated to the effective range approach is derived from 
the zero-range limit of the two-channel model. In this 
model a two-body state is a coherent superposition of 
two atoms in the open-channel and one molecule in the 
closed-channel. In the center of mass frame, it can be 
written as 



l^tot) l^opcn 



(25) 



where l^'opcn) is the atomic state 



(2^ 



«*(k)a[al^|0) (26) 



characterized in the momentum representation by the 
amplitude a*(k) and is the amplitude associated to 
the molecular part. The usual scalar product between 
two states |<i>tot) and l^'tot) is given by 

($tot|*tot) = (*opc„|*opc„) + (27) 

Projection of the stationnary Schrodinger equation in the 
open- and closed-channel gives the following system of 
equations: 

(i;*-2ek)a*(k)-A/3*X.(k) =0 (28) 

/(Pk 
^^Xe(k)a*(k) =0(29) 

For a scattering state of incoming wave vector kg, 
Eijj = h^k^/ {2nn) and the atomic amplitude is: 



a*(k) = (27r)3^(k-^ko) 



AXe(k)/3* 



Em - 2ek + iO+ 
The atomic scattering amplitude is thus given by 

27rfi,^ 



(30) 



(31) 



From Eqs. (|28l29l3ip one obtains: 



2A2 J (2^)3 j^^_nik£:-^^ 



(32) 

The scattering length of the model is given by — 1//(0) 
and the parameter i?*, by the term in k^ in the low energy 
expansion of !//(£'*). One finds: 
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In the zero-range limit (e — 0) the parameters a and R* 
can be kept fixed at a given value (in this formal limit, 



the molecular energy i^moi tends to infinity), and one 
finds a scattering amplitude which is exactly the one of 
the effective range approach where 



R* 
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(35) 



In the momentum representation, the wave function in 
the open channel is: 



(kl*. 



a*(k) + a*(— k) 

7! ■ 



(36) 



In the mapping between the effective range approach and 
the two-channel model, in the limit where e tends to zero, 
l^opcn) coincides with the state in Eq. ([8]). Thus, 
using the definition of A^i, in Eq. ^ in the limit where e 
tends to zero, Eqs. (|28l36p provide the relation: 



Am = 

^ open 



From Eq. (|27l35l37p one finally obtains: 

(^'totl^'tot) = ($opcn|^'opcn) + 4:77 R" A^A^ . 



(37) 



(38) 



The bit (<i>opcn|^opcn) in Eq- ([55)1 corresponds to the 
usual scalar product ('I'l^') in Eq. ([T5)) and by sim- 
ple identification ($tot|^tot) coincides with the modified 
scalar product (<I>|\E')o in Eq. HH). Hence, Eq. dSH]) shows 
that the modified scalar product introduced in the effec- 
tive range approach is nothing but a way to take into 
account implicitly the contribution of the closed channel 
in a single-channel zero-range theory. 



IV. CONCLUSIONS 

In this paper, the modified scalar product initially in- 
troduced for the mathematical consistency of the effec- 
tive range approach is depicted in terms of the contri- 
bution of a hiden closed channel. The modified scalar 
product is also generalized for a zero-range model built 
from the expansion of the s-wave scattering phase shift in 
integer powers of the coUisional energy. More generally, 
this paper illustrates the fact that the modified scalar 
product is a way to take into account the shot range 
contribution of the wavefunction in a formal one-channel 
zero-range model. 
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